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Abstract
The shear viscosity of liquid cobalt at the pressure p = 1.5 bar
and at the temperatures corresponding to equilibrium liquid and su-
percooled liquid states is measured experimentally and evaluated by
means of molecular dynamics simulations. Further, the shear viscosity
is also calculated within the microscopic theoretical model. Compari-
son of our experimental, simulation and theoretical results with other
available data allows one to examine the issue about the correct tem-
perature dependence of the shear viscosity of liquid cobalt. It is found
a strong correlation between the viscosity and the configuration en-
tropy of liquid cobalt over the considered temperature range, which
can be taken into account by the Rosenfeld’s model.
Introduction
Cobalt inferior to iron, aluminium and copper in the degree of use in the
ordinary metallurgical industry. Nevertheless, due to its physical proper-
ties, cobalt is applied in the aerospace industry. In particular, cobalt-based
alloys stand out by the following properties as high strength, corrosion re-
sistance and hardness extended over a wide temperature range. Similar to
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a simple single-component system, pure cobalt is not inclined to generate
an amorphous phases. Cobalt melt crystallizes at low and moderate lev-
els of the supercooling, and at values of the viscosity η much smaller than
η ≃ 1012 Pa·s. Thus, the deep supercooling levels with the temperatures
lower than the glass transition temperature Tg are not attainable for the
case of cobalt. Nevertheless, as follows from recent results [1, 2], the inclu-
sion of cobalt in the composition of metallic melts can enhancement of their
glass-forming abilities.
The viscosity is one of the main characteristic of a system, which defines
its crystallization and glass-forming ability [3, 4, 5]. In particular, the viscos-
ity determines directly the crystal nucleation and growth rates, as well as the
ability to generate and to retain a disordered state [6]. For the case of liquid
cobalt, there is an ambiguous situation with regard to temperature depen-
dence of the viscosity η(T ). The known experimental data for the viscosity
η(T ) of liquid cobalt [7, 8, 9] have a difference in values about 30% and even
more. To our knowledge, there are no experimental data on the viscosity of
supercooled cobalt. Therefore, one of the purposes of the given study is to
refine values of the shear viscosity of cobalt for the equilibrium liquid phase
(at the temperatures higher the melting temperature Tm = 1768 K, where
η(Tm) = 5.4 mPa·s [7]) and to evaluate the viscosity of the supercooling liq-
uid cobalt (with the temperatures T < Tm). Thus, we present experimental
and molecular dynamics simulation results of the shear viscosity of liquid
cobalt for the temperature range T = [1400; 2000] K and at the pressure
p = 1.5 bar. Furthermore, the temperature dependence η(T ) is also cal-
culated within the microscopic theoretical model where the parameters are
computed on the basis of the configuration data of the system.
As follows from statistical mechanics [11, 12], the viscosity of a (dense,
condensed) system is defined by the interparticle interaction energy and by
the structural characteristics. This is clearly seen from the microscopic ex-
pressions for the viscosity suggested by Born and Green [13] and by Irving
and Kirkwood [14] and applied usually to compute the viscosity on the ba-
sis of molecular dynamics simulations data. Further, pronounced correlation
effects between the viscosity and the configuration entropy, which are ac-
counted for by the Rosenfeld’s and Dzugutov’s relations, were established for
a various metallic melts [15, 16, 17, 18, 19, 20, 21, 22] and a lot of molecular
liquids under high pressure [23, 24, 25, 26, 27]. Therefore, the correlation
between the viscosity and the structure configuration properties of liquid
cobalt over whole the considered temperature range is also verified in the
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given study.
Experimental Details
The viscosity of liquid cobalt for the temperatures over the range from T =
1506 to 1969 K has been experimentally measured by the method of torsional
vibrations of a cylindrical crucible with the melt [28, 29]. The mass fraction
of cobalt in the samples was no less than 99.98%, while the samples could also
contain the following impurities: less than 0.003% of Fe, less than 0.005% of
Ni and C, less than 0.001% of Si, Cu, Mg, Zn and Al, and less than 0.001%
of O. The cylindrical crucibles with the internal diameter ∼ 17 mm and
the height ∼ 42 mm were made from Al2O3. The temperature dependence
of the viscosity was measured by heating of the samples from the melting
temperature Tm up to the temperature T = 1973 K. Then, the samples were
cooled until they crystallized. The temperature step of the heating/cooling
procedure was ∆T = 20±5 K, and the melt samples were equilibrated at each
the temperature over twenty minutes. Experimental value of the temperature
was determined with the precision ±5 K by means of the tungsten-rhenium
thermocouple calibrated for the melting points of pure Al, Cu, Ni and Fe.
The kinematic viscosity ν was evaluated by means of numerical solution
of the motion equation of the cylindrical crucible [28, 29]:
Re[L(ν)] +
δ
2π
Im[L(ν)]− 2I
(
δ
τ
− δ0
τ0
)
= 0. (1)
where I is the moment of inertia; δ and τ are the attenuation decrement and
the oscillation period of the system with the melt, whereas δ0 and τ0 are the
same characteristics for the empty crucible, respectively. Finally, Re[L] and
Im[L] are the real and imaginary parts of the friction function L, which is
related to the kinematic viscosity ν (see Ref. [28], for details).
The average linear coefficient of the thermal expansion for the crucible
material Al2O3 over the temperature range from 273 K to 2073 K takes the
value 9.0 · 10−6 deg.−1 (Ref. [30]), and the possible impact of the thermal
expansion on the measured values of the viscosity must be also taken into
account. The height of the melt within the crucible is determined as
H =
M
πR2ρµ
. (2)
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Here, M is the mass of the sample, and ρµ is the mass density of the melt,
which was defined from the relation
ρµ(T ) = 6172.152− 0.936T. (3)
suggested in Ref. [8].
Details of Simulation and Numerical Calculation
Molecular dynamics simulations of liquid cobalt were carried out for the
isothermal-isobaric (NpT)-ensemble for the temperatures from the range T =
[1400; 2000] K and at the pressure p = 1.5 bar. The system was consisted of
N = 4000 atoms located in a cubic cell with periodic boundary conditions.
Interaction between atoms was carried out using the EAM-potential [31, 32].
The equations of motion for atoms were integrated using the velocity Verlet
algorithm with the time step τ = 1.0 fs [33]. To bring the system into a state
of thermodynamic equilibrium and to calculate the temporal and spectral
characteristics of the system, it was realized the dynamics with 100 000 and
2000 000 time steps, respectively.
The shear viscosity can be determined in the framework of the Green-
Kubo approach [34] through the autocorrelation functions of the stress tensor,
σα,β. The non-diagonal components of the stress tensor are given by [35]
σα,β =
1
V
( N∑
i=1
mϑiαϑiβ −
N−1∑
i=1
N∑
j=i+1
rijα
∂U(rij)
∂rijβ
)
, (4)
where ~r, ~ϑ are the position and the velocity of a particle, i, j are the numbers
of particles, ~rij = ~ri−~rj , U(rij) is the particle interaction potential, α, β are
the indices of the components of the corresponding vectors; m is the particle
mass and V is the volume of the system. Then, the shear viscosity can be
calculated by the formula
η =
V
kBT
∫ ∞
0
〈σα,β(t)σα,β(0)〉dt, (5)
where kB is the Boltzmann constant.
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Theoretical Formalism
Let us consider a system consisting ofN identical particles of massm enclosed
in the volume V . We take the off-diagonal component of the stress tensor
σα,β, defined by Eq. (4), as the initial dynamic variable. Then, we determine
the time correlation function (TCF) of the stress tensor as follows [36]
S(t) =
〈σα,β(t)σα,β(0)〉
〈|σα,β(0)|2〉 , (6)
and its spectral density as the next [37]:
S˜(ω) =
S0
2π
Re
∫ ∞
−∞
eiωtS(t)dt. (7)
Here, S0 is the zeroth frequency moment of S˜(ω) (Ref. [38]):
S0 = 〈|σα,β(0)|2〉 =
(
kBT
V
)2
+
2πρ
15
kBT
V 2
∫ ∞
0
r4g(r)
(
4
r
∂U
∂r
+
∂2U
∂r2
)
dr, (8)
ρ is the number density, and g(r) is the pair radial distribution function.
On the other hand, according to the formalism of the time correlation
functions [34, 39], the spectral density of TCF of the stress tensor S˜(ω) can
be represented as infinite continuous fraction:
S˜(ω) =
1
π
Re


S0
iω +
∆1
iω +
∆2
iω + . . .


. (9)
Here, ∆n, n = 1, 2, 3, ... are the relaxation parameters, which are related with
the frequency moments S(2m) of S˜(ω):
S(2j) =
∫
ω2jS˜(ω)dω∫
S˜(ω)dω
, j = 1, 2, . . . (10)
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by means of the following expressions:
∆1 = S
(2),
∆2 =
S(4)
S(2)
− S(2),
∆3 =
S(6)S(2) − S(4)2
S(4)S(2) − S(2)3 , . . . .
The relaxation parameters can be determined numerically from molecular
dynamics simulation data in accordance with the basic definitions [40]:
∆n =
〈|An(0)|2〉
〈|An−1(0)|2〉 , n = 1, 2 . . . , (11)
where
A0(t) = σα,β(t),
A1(t) =
∂A0(t)
∂t
,
A2(t) =
∂A1(t)
∂t
+∆1A0(t),
. . . ,
An(t) =
∂An−1(t)
∂t
+∆n−1An−2(t). (12)
As shown in Refs. [41, 42], alignment of the relaxation scales ∆
−1/2
2 ≈
∆
−1/2
3 ≈ ∆−1/24 is observed for the transport processes in monatomic liquids.
This allows one to obtain expression for the spectral density S˜(ω):
S˜(ω) =
1
π
2∆1∆2
√
4∆2 − ω2
∆21(4∆2 − ω2) + ω2(2∆2 −∆1)2
. (13)
Then, in accordance with the Green-Kubo formula (5), we obtain the follow-
ing expression for the shear viscosity:
η =
V S0
πkBT
√
∆2
∆1
. (14)
Taking into account Eq. (8) for S0 and neglecting the kinetic contribution,
one can see that Eq. (14) transforms into the Rice-Kirkwood approximated
equation for the viscosity at the melting temperature [43]:
η =
2πmρ2
15ζf
∫ ∞
0
r4
(
4
r
∂U
∂r
+
∂2U
∂r2
)
g(r)dr, (15)
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where the friction coefficient ζf is equal to
ζf =
πmρV∆1√
∆2
. (16)
On the other hand, using the expression for the viscosity (7.32) from Ref.
[44]
η ≈ 4.38ω0mρ2g(rm)r5m(1− r0/rm) (17)
and the viscosity values obtained from formula (14), one can estimate the
characteristic frequency of atomic vibration ω0:
ω0 =
V S0
√
∆2
4.38πkBT∆1mρ2g(rm)r5m(1− r0/rm)
. (18)
Here, r0 is the minimum possible distance between neighboring atoms [where
g(r) starts to take nonzero values], rm is location of the main maximum of
g(r).
Results
In Fig. 1, the spectral density S˜(ω) of liquid cobalt obtained molecular dy-
namics simulations results is presented and compared with theoretical results
[equation (13)] at various temperatures. The relaxation parameters ∆1 and
∆2 were determined numerically from Eqs. (11) and (12). As seen from Fig.
1, theoretical curves reproduce correctly the spectra S˜(ω) for the considered
temperature range.
Fig. 2 shows the shear viscosity of liquid cobalt as a function of the inverse
temperature in logarithmic scale. The plot is constructed on the basis of the
experimental data, the simulation results, and the theoretical calculations
with Eq. (14). As seen from Fig. 2, the experimental data, simulation and
theoretical results are reproduced fairly well by the Arrhenius law [45]
η(T ) = η0 exp(E/kBT ). (19)
Here, η0 is the pre-exponential factor corresponding formally to the viscosity
at T → ∞; E is the activation energy. For our simulation results and
the experimental data, we find the parameters ηMD0 = 0.29 mPa·s (ηExp0 =
0.34 mPa·s) and EMD = 6.6 · 10−20 J (EExp = 6.5 · 10−20 J), respectively.
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Figure 1: (Color online) Spectral density of the stress tensor TCF of cobalt
melt at different temperatures: markers represent simulation data; lines –
the results of theoretical calculations with the expression (13).
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Figure 2: (Color online)Main: Temperature dependence of the shear viscos-
ity for liquid cobalt at the pressure p = 1.5 bar: markers (△△△) represents
the results of the molecular dynamics simulations calculated by Green-Kubo
relation for the time correlation function of the stress tensor S(t); (◦ ◦ ◦)
– the experimental results; the dashed line represents the results of theoreti-
cal calculations performed according to the formula (14); markers (♦ ♦ ♦),
(⋆ ⋆ ⋆) and (✷ ✷ ✷) are the experimental data taken from [8], [9] and
[10] respectively. Inset: Time dependence of the characteristic frequency of
atom vibration: markers (△ △ △) represent the molecular dynamics data;
The solid line – the results of fitting by the Arrhenius law.
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Inset of Fig. 2 represents the temperature dependence of the character-
istic frequency ω0(T ) of atomic vibrations found from Eq. (18). As can
be seen, for the temperature range T = [1800, 2000] K, the dependence
ω0(T ) is well reproduced by the Arrhenius law with the pre-exponential factor
Ω0 = 0.225 ps
−1 and the activation energy E = 6.6 · 10−20 J, which coincides
completely with the activation energy of the viscous process. Deviation from
the Arrhenius law in the temperature dependence ω0(T ) below the melting
temperature Tm is due to the fact that Eq. (17) can be applied only to the
equilibrium liquid.
Expression (14) for the shear viscosity η contains the frequency parame-
ters ∆1 and ∆2, which are determined through the configuration character-
istics of the system, namely, through the two and three particles distribution
functions [46]. Therefore, it is advisable to consider a possible correlation be-
tween the viscosity and structural characteristics of the system (for example,
configuration entropy [23, 24, 25]).
Probably, the most well-known expression, where such a relationship is
assumed, is the Adam-Gibbs relation [47]:
η = A exp(C/TSC). (20)
Here, SC is the configuration entropy and C is the constant characterized the
barrier height of atomic restructuring. On the other hand, the Rosenfeld’s
scaling laws states relation between the excess entropy Sex and the trans-
port coefficients such as the self-diffusion D, the viscosity η and the thermal
conductivity κ of the system [48, 49]:
D∗ = D
ρ1/3
(kBT/m)1/2
= A exp (−αSex), (21a)
η∗ = η
ρ−2/3
(mkBT )1/2
= B exp (βSex), (21b)
κ∗ = κ
ρ−2/3
kB(kBT/m)1/2
= C exp (γSex). (21c)
Here, A, B, C, α, β and γ are the property-specific constants which are
equal for model fluids to 0.6, 0.2, 1.5, 0.8, 0.8 and 0.5, respectively [49].
The quantities D∗, η∗, κ∗ are dimensionless, the excess entropy Sex is given
in units of kB. The Rosenfeld’s scaling relation (21b) for the viscosity may
be considered as an attempt to realize the following physical idea. Since
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the viscosity is simply proportional to the structural relaxation time, then
according to relation (21b), the viscosity is proportional to the number of
accessible configurations with the structural relaxation time [25, 26, 27].
The thermodynamic excess entropy is defined as the difference in entropy
between the fluid and the corresponding ideal gas under identical temperature
and density conditions. The total entropy of a classical fluid can be written
as [50]
S = Sid +
N∑
n=2
Sn, (22)
where Sid is the entropy of the ideal gas reference state, Sn is the entropy
contribution due to n-particle spatial correlations. Then, the excess entropy
is defined as
Sex = S − Sid. (23)
The main contribution into Sex is due to the pair-correlation entropy S2 which
is ∼ 85 ÷ 95% for the case of monatomic liquids over a fairly wide range of
densities. Therefore, the next approximation can be applied: Sex ≈ S2. The
pair-correlation entropy is defined as
S2 = −2πρ
∫ ∞
0
{
g(r) ln(g(r))− [g(r)− 1]
}
r2dr =
−2πρ
∫ ∞
0
g(r) ln(g(r))r2dr +
1
2
(
ρkBTχT − 1
)
, (24)
where χT is the isothermal compressibility.
In Fig. 3, the reduced shear viscosity in logarithmic scale is shown at the
corresponding values of the negative excess entropy Sex [using two-particle
approximation (24)]. First, our experimental values and experimental data
from Ref. [8, 9] as well as MD simulation results and theoretical results from
Eq. (14) yield the straight lines that is in agreement with the Rosenfeld’s
scaling representation (21b). Further, η∗(Sex)-dependence with experimen-
tal data from Refs. [8, 9] differs from these lines. Second, the Rosenfeld’s
scaling extends well to the temperature range of the supercooling melt, that
is verified by the scaled representation of our experimental data as well as
of our simulation and theoretical results. Third, our experimental data, sim-
ulation data and theoretical results for the shear viscosity yield the same
slope in the Rosenfeld’s scaling plot with the parameter βexp = 0.78 ± 0.02
[see Eq. (21b)]. Note that this value is close to β ≈ 0.8, which is usually
11
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Figure 3: (Color online) Rosenfeld’s scaling law for the reduced shear vis-
cosity η∗ with the pair-excess entropy Sex for liquid cobalt at the pressure
p = 1.5 bar: markers (△ △ △) represent the results of molecular dynamics
simulations calculated using the Green-Kubo relation for the time correlation
function of the stress tensor S(t); (◦ ◦ ◦) – the experimental results; solid line
represents the results of the calculations performed according to the formula
(14); markers (♦ ♦ ♦), (⋆ ⋆ ⋆) and (✷ ✷ ✷) are the experimental data
taken from [8], [9] and [10] respectively.
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expected for the monoatomic fluids [49]. The prefactor B is estimated to be
0.68 and 0.6 for our experimental data and theoretical (simulation) results
for the viscosity, respectively; and B = 0.27 for the data from Ref. [8].
Conclusions
In summary, the shear viscosity of liquid cobalt at different temperatures was
determined experimentally and numerically by means of molecular dynamics
simulations with the EAM-interparticle interaction potential [31]. Further,
the spectral densities of the stress tensor TCF S˜(ω) as well as the shear vis-
cosity η are computed within the framework of the microscopic theoretical
model [41, 42]. It is found good agreement between theoretical results, ex-
perimental data and molecular dynamics simulations results for the viscosity
of liquid cobalt. It is shown that experimental data as well as simulation and
theoretical results for the shear viscosity are reproduced by the Rosenfeld’s
model.
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